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1. INTRODUCTION

Let v,,...,v, be fixed natural numbers. Set N = v, -} -+ |- v, — L.
Construct Newton’s interpolation formula

F(x) = Ly(f; x) + Ry(x)

on the basis of the nodes (x)7, ¢ < x; < -+ < x, < b, with multiplicities
(v:.)7 respectively. It is a well-known fact that

IRN IS IS M G = ) -+ (o — x|
where || g || : = max{] g(x)|: a < x < b}. So, the extremal problem:

determine . <inf<x e — x Yt o (x — x)" || (L.1)

is a natural question suggested by the above mentioned classical inter-
polation process. The solution of (1.1) in the simple case v; = - =y, =1
leads to the famous Chebyshev polynomials of the first kind.

The purpose of our paper is to prove the existence and uniqueness of
extremal nodes (x*)7 in problem (1.1) for any fixed system of multiplicities
(vi)7 - As an auxiliary result we give a multiple nodes extension of a theorem
of Davis {1] (see also [2], [3], [4]) concerning interpolation at extremal points
for algebraic polynomials.

Note that L. Tschakaloff [5] (see also Popoviciu [6]) has arrived at the
same problem (1.1) but with || -] = || *[lla,s1 studying mechanical qua-
dratures of highest degree of precision. He proved the existence of extremal
nodes for this case. The uniqueness, remaining an open problem for 20 years,
was established recently by Ghizzetti and Ossicini [7]. An extension of this
L,-problem was considered in a paper of Karlin and Pinkus [8].
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2. INTERPOLATION AT EXTREMAL POINTS
We start with an auxiliary proposition.
THEOREM 1. Let (vi)y be arbitrary fixed natural numbers and let p(x) be a
continuous function defined and >0 on [x, , o), having a finite number of zeros

in any finite subinterval [x, , x]. Given positive numbers (e,);_; , there exists a
unique system of points (x;); , X, << x; < *** < X, , such that

fmk p(x) f] (x — x;)* dx , =6, k=1,.,n
=1

Tgp—1

Proof. Define

Tk
q’k(xl EREES ] xn) =

[" P T & — xreax ‘ e k=1,.,n.
i=1

Ty j—

Let J(x, ,..., X, ; p(x)) denote the Jacobian

[ o0 o enyar - [ px) wles) wala) d

Zo

Boread ) "0 ) e ds -+ [ 209 ) 0

[ p@ o e[ ) o) walr) dx
where wi(x) = —ep(x — xp) = (x — X )[(x — x), i = 1, 2., 1,

n Vi
. X; + Xia
€; = Slgn H (——‘__“——‘1 2 v - xk) s
k=1

and

n

w() = [T (e — x)"
=1
We claim that J(xp,..., X, ; p(x)) % 0 provided x, < x; << X
Indeed, otherwise there exist real numbers (b;)* such that >, ,[b,| >0
and

f ) P(xX) @@ {byooy(x) + - + bpwn(x)} dx =0

Tr—1
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for k = 1,...,n. Clearly the polynomial Q(x) = byw,(X) 4 *=* + b,w,(x)
must change sign at least once in (X;_; , X;). Therefore Q(x) has » sign
changes in (x,, x,). But Q € 7, ; (m, denotes the class of all algebraic
polynomials of degree <<m).

The proof of Theorem 1 proceeds by induction on n. Let n = 1. Clearly,
the function

=

[ ps — & ax

is strictly increasing and f(x,) = 0. Therefore there exists only one number
x; > Xxo with f(x;) = ¢; . Now suppose that the theorem holds for every
choice of the multiplicities (u,)7*, the values (e,){' and the weight p(x).
Then the problem

( €1 50005 €n9 4 €p

V1seees V2 s Vn + Vn

P()) 2.1

(i.e., the problem of Theorem 1 with the noted parameters) has a unique
n-1

solution (#;)77" in (x,, o). Let £ > x,. Denote by {x,(£)}%_7 the unique
solution of the problem

(el yeers €n1
V] seees Vo

Pe¥)) , pelx) = p()| x — £

Since J(x,(£),..., Xn_a(€); p(x)) #~ 0, it follows from the implicit function
theorem that x,(£), & = 1,..., n, are continuous functions in (x,, ). Now
we shall show that

xn—l(f) < f fOI’ § > tn—l . (22)

Recall that x,,_;(¢,_,) = t,_, . Suppose that x,,_,(£&,) = &, for some &, > ¢,_;.
Then the problem (2.1) would have two different solutions: (¢,);* and
{x(&)}17Y, which is impossible by the induction hypothesis. Therefore
X,_1(&) — & + 0 for every & > t,_, . Thus, in order to prove (2.2) we need
only to demonstrate that x,_,(§) < £ for sufficiently large £. We shall show
even more, namely, that x,_,(§) is bounded in [x, , ). Indeed, suppose that
lim sup,_, x,_1(§) = oo. Then there exist an index k, 1 <{k <{n — 1, and
a point « > x, such that

lim sup x(§) = o
. 2.3)
and x;,_(§) < a for £ € [x,, ).
Clearly,
n—1 w1
€ = (g - (04 -+ ]))v" H {x,(f) _ (OL -+ ])}”‘f p(x)(x — (X)Vl'u- Mg dx
i=k a
=:r(§) 24
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for every ¢ such that min{¢, x,(€)} > « + 1. But lim sup,_., r(¢) -== © in
view of (2.3). Thus x,_,(§) < ¢ for sufficiently large £ and (2.2) follows.
Consider the function

J«f
2y (

1

g =

| POE— x)n (r — x(&) dx | .

It is continuous in [#, ; , o) and g(¢,_;) = 0. One can see, as in (2.4), that
lim sup,,., g(£) = co. Hence there exists a point x, such that g(x,) = e,
and x, > t,,. It remains to show uniqueness of x,. Let us assume that
g(&) =g(&) = e, and 1,_; < § < & . By Rolle’s theorem there exists a
point 5 € (¢, , &) for which g'(n) = 0. But

g'lp) = 5% a1 E)rer Xr(E), Olemr

_ Sy Xna(m), 5 p(x))
JGex(0),es X a(); polx))

Hence J(xy(n),..., Xn_a(m), 1; p(x)) = 0, which contradicts our previous
observation. The theorem is proved.

COROLLARY 1. Let (v;)] be a fixed system of arbitrary natural numbers.
Let the real numbers (y)o*' satisfy the requirements y, # yi_;,
k=1,.,n-+1, and

[Vecr = Ve 1 vk — Ve | = [ Ve — Vi | if vy is even,
[ Vet — Vel 1 Ve — Verr | > [ Ve — Ve | if v isodd,
k = 1,..., n. Given an interval [a, b, there exists a unique polynomial P € m ,

N=uv + - +v,+ 1, and a unique system of points (x.)7, a = x, <
Xp < < Xy < Xpyq = b, such that

Plxy) =y, k=0,1,..,n+ 1,
B (2.5)
POx) =0,k = Loy A= L.
Proof. Denote by (¢,)] the unique solution of the problem

(lyl —Vols [ Ye—p1lses [ Vo — Vua I)

Vi Va,eens Vy

in [a, ) (i.e., the problem of Theorem 1 with weight p(x) = 1). The
polynomial P,(t) = (¢t — t))"1 - (t — t,)™ is strictly monotone in [¢,, o).
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Choose the point 8 > ¢, by the condition |y, — y,| = jfn | Py(t)| dt.
Set

B@) = » -+ sign(rn — ) [ Pio)

It is easily seen that x;, = a + [(b — a)/(8 — a))(tx — a), k = 1,...,n, and
that P(x) = P(a + [(B — a)/(b — a)](x — a)) is the unique polynomial from
ay satisfying (2.5).

Remark 1. The particular case v; = -+ = v, = 1 of Corollary 1 was
studied by Davis [1], Miczelski and Paszkowski [2], Videnskii [3], and
Fitzgerald and Schumaker {4].

The following is an immediate consequence of Corollary 1.

COROLLARY 2. Let (v,)} be a fixed system of arbitrary odd natural numbers.
There exists a unique polynomial =y(v; x) of degree N = vy -+ -+ + v, + 1
and leading coefficient 1 and a unique system of points (x;)7, —1 = x, <
X, < v < Xy < Xpyp = 1, such that

TN(V; xk) = (_1)n+1—-k H TN(V); ')HC[—I.l] ’ k - 0’ 1""9 n + 13
and

TPV x) =0, A = Lo, vy

Clearly 7y(v; x) = cos(Narccos x) for | x| <1 in the case v, = -+ =
v, = 1. Thus 7,(v; x) can be considered as a generalizations of the Chebyshev
polynomial of the first kind. In the next section we give another extension of
this classical polynomial.

3. MAIN RESULT
Let the multiplicities (v,)] and the point a be fixed. Suppose the numbers

(ex)t** are positive. By virtue of Theorem 1 there exists a unique system of
points a = x, < x; < =** << X, << X, such that

fmk W(x) dxl =e,,k=1,..,n+41,

Lre-1

where W(x) = (x — x;* +* (x — x,)’». We shall use in the sequel the
following property of the last point x,,,; .

Lemma 1. The point x,,, is a differentiable function of e, ,..., e, in the
domain G := {(ey ,..., ex11): € > 0, k = 1,...,n + 1}. Moreover 0x,,,,/0¢;, > 0
k=1.,n+1)inG.
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Proof. Set e, =1, € = (—1)y*¢y, k= 1,.,n. We proved in
Theorem 1 that the functions {x,(e, ,..., €,.1)}7*" are uniquely defined by the
system of equations

£2
@r(X1 yeres Xpg13 €1 seves €peq) 1= f Wx)dx — eer, =0,k =1,...,n-+ 1.
Lx—1

Let us abbreviate J(x, ,..., X, ; p(x)) to J(x; ,..., X,) In case p(x) = 1. Since

D((Pl sees ‘Pn+1) -
D(Xl ey xn+1) - W(xn+1) J(xl RS xn) 7é 05

we conclude on the basis of the implicit function theorem that
{xiey 5oy €ni)it T are differentiable functions in G. It is not difficult to
verify that

axn+1 . D(QDI 9eeey (Pn ) (Pn+1) . D((Pl EAREE) (P'n s (Pn+1)

8elc D(xl seees Xn s ek) ’ D('xl seeey X s xn+1)

@ ay

[ " (%) woy(x) dx - f w(x) w,(x) dx

_ (— l)k)rl €% Te—1 1
W () J(xg e, X0) J.%z w(x) wy(x) dx J;M w(x) w,(x) dx

" () () dix

| " () wy(x) dx - [

s oy

[ " (%) wy(x) dx - j w(x) w,(x) dx

2y n

As in the proof of Theorem 1 one can show that the last determinant does
not vanish in G. Since W(x, ;) > 0 and J(x, ,..., X,) 7 0 in G, we conclude
that 0x,,,/0e; has a constant sign in G. Therefore x,, is a strictly monotone
function with respect to ¢, . On the other hand

Xny1(€1 5ees €1y s €1 5 €g 5eees €ni1) = Xpga(€g sees €mt1 s 1y Chgy 5eees €nt1)

for sufficiently large e, . Hence x,,., is a monotone increasing function of ¢,
k = 1,...,n + 1. The lemma is proved.
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THEOREM 2. Let ()] be a fixed system of arbitrary natural numbers.
Given [a, b), there exists a unique system of points (x*)y such that

1= == dnd G — ) (= )

Moreover, a << x¥ < - < x¥ < b. The extremal polynomial T,(v;x) =
(x — xFyr - (x — xfy» (m = vy, + -+ v,) is uniquely determined by the
condition that there exist n — | points (1) a =ty < b, <+ <lpy <
t, = b, such that

To(vs 1) = (= D" 7 Ta(vs |l

fork =0,1,...,n.

Proof. Acording to Corollary 1, there exists a unique polynomial P € w,,
and a unique system of points

a=t,<xF<t<-<t,,<xf<t,=»b

such that
P(t) = (1" k= 0,.., n,
P(t)=0,k=1,.,n—1,
and
PO =0,k =1,..,nA=0,., v, — 1.
Evidently || P|| = 1 since P’(x) vanishes only at (x*)} and (¢,); . 1t is clear
that

P() = Clx — xiY o (x — X%, € = 1{(b — = (b — x2)).

Denote T,(v; x) = C'- P(x). We shall show that T,(v; x) is the desired
polynomial. Indeed, let us assume that there is a polynomial Q of the form
O(x) = (x — xp)1 - (x — x ) with [x; — x|+ =+ x, —xF| >0
such that

1O <l Toly; i =: E. (3.1

Clearly Q’'(x) has g <{2n — 1 distinct real zeros. Let us denote them by (6,)3,
a =0, <8 < <0, <8, =>b It follows from (3.1) that

e 1= | Q(0;) — 06, 1)l <E,

if 8, or 0, € {x;}}, and <2F otherwise, for k = 1,..., ¢. Hence Lemma !
implies 8,,; < ¢, ,i.e., b << b, a contradiction. The theorem is proved.
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Remark 2. In the case v, = -* = v, = u it can be shown directly that

min ] (x — xp)" e (0 — X)) leoa

Xy <o <

“w

1
= l ;71—:1— * cos(narccos x)

cl-1,1]

— 1/2(n—1)u_

Finally, we make two conjuctures:

Lo [ Px)| < | Tulv; X)| if x ¢ (a, b);
2- ” P(k) ”C[a,b] < T')S:)(V; b): k = 0,"'9 m7

for every polynomial P(x) of the form

P(X) = A(-x - XI)VI (X _ Xn)yn’ XK X KK Xy,

A = const, such that

1

FPllcta,s) <l Tulvs icta.l -
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